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7KH GHVLJQ RI VDIH HDUWKLQJ V\VWHPV LV HVHQWLDO WR DVVXUH WKH VHFXULW\ RI WKH SHUVRQV
DV ZHOO DV WKH SURWHFWLRQ RI WKH HTXLSPHQW DQG WKH FRQWLQXLW\ RI WKH SRZHU VXSSO\
)RU WKH DWWDLQPHQW RI WKHVH DLPV LW LV QHFHVVDU\ WR FRPSXWH WKH HTXLYDOHQW HOHFWULFDO
UHVLVWDQFH RI WKH V\VWHP DQG WKH SRWHQWLDO GLVWULEXWLRQ RQ HDUWK VXUIDFH ZKHQ D IDXOW
FRQGLWLRQ RFFXUV ,Q WKH ODVW \HDUV ZH KDYH SURSRVHG D QXPHULFDO DSSURDFK EDVHG RQ WKH
%RXQGDU\ (OHPHQW 0HWKRG IRU WKH HDUWKLQJ DQDO\VLV LQ XQLIRUP DQG KRPRJHQHRXV VRLOV
7KLV IRUPXODWLRQ KDV EHHQ VXFFHVIXOO\ DSSOLHG WR WKH DQDO\VLV RI VHYHUDO JURXQGLQJ JULGV
LQ UHDO HOHFWULFDO LQVWDODWLRQV ,Q WKLV SDSHU ZH SUHVHQW WKH JHQHUDOL]DWLRQ RI WKLV %(
IRUPXODWLRQ IRU WKH JURXQGLQJ V\VWHPV HPEHGGHG LQ OD\HUHG VRLOV DQG WKH GHYHORSPHQW
RI D &$’ V\VWHP EDVHG RQ LW 7KH IHDVLELOLW\ RI WKLV %(0 DSSURDFK LV GHPRQVWUDWHG
DQG LW LV DSSOLHG WR D IUHTXHQW SUDFWLFDO FDVH RI DQ HDUWKLQJ V\VWHP LQ OD\HUHG VRLO
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%RXQGDU\ HOHPHQW PHWKRG JURXQGLQJ DQDO\VLV QRQXQLIRUP VRLO PRGHOV
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$ VDIH JURXQGLQJ V\VWHP KDV WR JUDQW WKH LQWHJULW\ RI WKH HTXLSPHQW DQG WKH FRQWLQXLW\
RI WKH HOHFWULFDO VXSSO\ SURYLGLQJ PHDQV WR FDUU\ DQG GLVVLSDWH HOHFWULF FXUUHQWV LQWR
WKH JURXQG DQG WR DVVXUH WKDW D SHUVRQ LQ WKH YLFLQLW\ RI JURXQGHG LQVWDOODWLRQV LV QRW
H[SRVHG WR WKH GDQJHU RI VXpHULQJ D FULWLFDO HOHFWULF VKRFN 7R DFKLHYH WKHVH JRDOV WKH
HTXLYDOHQW HOHFWULFDO UHVLVWDQFH RI WKH V\VWHP PXVW EH ORZ HQRXJK WR DVVXUH WKDW IDXOW
FXUUHQWV GLVVLSDWH PDLQO\ WKURXJK WKH JURXQGLQJ JULG LQWR WKH HDUWK ZKLOH PD[LPXP
SRWHQWLDO JUDGLHQWV EHWZHHQ SRLQWV WKDW FDQ EH FRQWDFWHG E\ WKH KXPDQ ERG\ PXVW EH
NHSW XQGHU FHUWDLQ VDIH OLPLWV $16,,((( 6WG  
6LQFH WKH VL[WLHV VHYHUDO SURFHGXUHV DQG PHWKRGV IRU VXEVWDWLRQ JURXQGLQJ GHVLJQ DQG
FRPSXWDWLRQ KDYH EHHQ SURSRVHG PRVW RI WKHP IRXQGHG RQ SUDFWLFH RQ VHPLHPSLUL
FDO ZRUNV RU RQ WKH EDVLV RI LQWXLWLYH LGHDV +HSSH 5-    $OWKRXJK WKHVH WHFK
QLTXHV UHSUHVHQWHG DQ LPSRUWDQW LPSURYHPHQW LQ WKLV DUHD VRPH SUREOHPV VXFK DV ODUJH
FRPSXWDWLRQDO UHTXLUHPHQWV XQUHDOLVWLF UHVXOWV ZKHQ VHJPHQWDWLRQ RI FRQGXFWRUV LV LQ
FUHDVHG DQG XQFHUWDLQW\ LQ WKH PDUJLQ RI HUURU ZHUH UHSRUWHG 6YHUDN HW D O 
$16,,(((  *DUUHW 	 3UXLWW  
1DYDUULQD HW D O  DQG &RORPLQDV HW D O  KDYH GHYHORSHG LQ WKH ODVW \HDUV
D JHQHUDO ERXQGDU\ HOHPHQW IRUPXODWLRQ IRU JURXQGLQJ DQDO\VLV LQ XQLIRUP VRLOV LQ
ZKLFK WKHVH LQWXLWLYH PHWKRGV FDQ EH LGHQWLqHG DV WKH UHVXOW RI LQWURGXFLQJ VXLWDEOH
DVVXPSWLRQV LQ WKH %(0 DSSURDFK LQ RUGHU WR UHGXFH FRPSXWDWLRQDO FRVW IRU VSHFLqF
FKRLFHV RI WKH WHVW DQG WULDO IXQFWLRQV )XUWKHUPRUH VWDUWLQJ IURP WKLV %( QXPHULFDO
DSSURDFK PRUH HsFLHQW DQG DFFXUDWH IRUPXODWLRQV KDYH EHHQ GHYHORSHG DQG VXFFHVIXOO\
DSSOLHG ZLWK D YHU\ UHDVRQDEOH FRPSXWDWLRQDO FRVW WR WKH DQDO\VLV RI ODUJH JURXQGLQJ
V\VWHPV LQ HOHFWULFDO VXEVWDWLRQV
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3K\VLFDO SKHQRPHQD RI IDXOW FXUUHQWV GLVVLSDWLRQ LQWR WKH HDUWK FDQ EH PRGHOOHG E\
PHDQV RI 0D[ZHOO
V (OHFWURPDJQHWLF 7KHRU\’XUDQG   ,I WKH DQDO\VLV LV FRQ
VWUDLQHG WR WKH REWHQWLRQ RI WKH HOHFWURNLQHWLF VWHDG\VWDWH UHVSRQVH DQG WKH LQQHU UHVLV
WLYLW\ RI WKH HDUWKLQJ FRQGXFWRUV LV QHJOHFWHG _LH SRWHQWLDO FDQ EH DVVXPHG FRQVWDQW
LQ HYHU\ SRLQW RI WKH HOHFWURGHV VXUIDFH_ WKH ’ SUREOHP FDQ EH ZULWWHQ DV
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EHLQJ ( WKH HDUWK r LWV FRQGXFWLYLW\ WHQVRU c( WKH HDUWK VXUIDFH Q ( LWV QRUPDO H[WHULRU
XQLW qHOG DQG c WKH HOHFWURGH VXUIDFH 1DYDUULQD HW D O  &RORPLQDV HW D O  
7KHUHIRUH ZKHQ HOHFWURGH DWWDLQV D YROWDJH 9 c *URXQG 3RWHQWLDO 5LVH RU *35 UHODWLYH
WR D GLVWDQW JURXQGLQJ SRLQW WKH VROXWLRQ WR SUREOHP  JLYHV SRWHQWLDO 9 DQG FXUUHQW
GHQVLW\  DW DQ DUELWUDU\ SRLQW [  )XUWKHUPRUH WKH JURXQGLQJ GHVLJQ SDUDPHWHUV VXFK
DV WKH OHDNDJH FXUUHQW GHQVLW\ DW DQ DUELWUDU\ SRLQW RI WKH HOHFWURGH VXUIDFH WKH WRWDO
VXUJH FXUUHQW ,c WKDW rRZV LQWR WKH JURXQG GXULQJ D IDXOW FRQGLWLRQ DQG WKH HTXLYDOHQW
UHVLVWDQFH RI WKH HDUWKLQJ V\VWHP 5 HT DSSDUHQW UHVLVWDQFH RI WKH HDUWKHOHFWURGH FLUFXLW
FDQ EH HDVLO\ REWDLQHG LQ WHUPV RI 9 DQG  &RORPLQDV HW D O  
6 WD WH P H Q W R I WK H 3 U R E OH P Z LWK D 0 X OWLOD \ H U 6 R LO 0 R G H O
0RVW RI WKH PHWKRGV SURSRVHG DUH IRXQGHG RQ WKH K\SRWKHVLV WKDW VRLO FDQ EH FRQ
VLGHUHG KRPRJHQHRXV DQG LVRWURSLF 7KHUHIRUH r LV VXEVWLWXWHG E\ DQ DSSDUHQW VFDODU
FRQGXFWLYLW\ r  WKDW FDQ EH H[SHULPHQWDOO\ REWDLQHG 6YHUDN HW D O   *HQ
HUDOO\ VSHDNLQJ ZKHQ WKH VRLO LV HVVHQWLDOO\ XQLIRUP KRUL]RQWDOO\ DQG YHUWLFDOO\ LQ WKH
VXUURQGLQJV RI WKH JURXQGLQJ JULG WKLV DVVXPSWLRQ GRHV QRW LQWURGXFH VLJQLqFDQW HU
URUV $16,,(((   +RZHYHU ZKHQ WKH FRQGXFWLYLW\ RI WKH VRLO YDULHV JURXQGLQJ
GHVLJQ SDUDPHWHUV FDQ VLJQLqFDQWO\ FKDQJH EHLQJ QHFHVVDU\ WR GHYHORS PRUH DFFXUDWH
PRGHOV WKDW WDNH LQWR DFFRXQW WKH YDULDWLRQ RI VRLO FRQGXFWLYLW\ LQ WKH VXUURXQGLQJV
RI WKH VXEVWDWLRQ VLWH 2EYLRXVO\ IURP D WHFKQLFDO _DQG DOVR HFRQRPLFDO_ SRLQW RI
YLHZ WKH GHYHORSPHQW RI PRGHOV WR GHVFULEH DOO YDULDWLRQV RI WKH FRQGXFWLYLW\ LQ WKH
VXUURXQGLQJV RI D JURXQGLQJ V\VWHP ZRXOG EH XQDpRUGDEOH )RU WKHVH UHDVRQV D PRUH
SUDFWLFDO DQG TXLWH UHDOLVWLF DSSURDFK WR VLWXDWLRQV ZKHUH FRQGXFWLYLW\ LV QRW PDUNHGO\
XQLIRUP ZLWK GHSWK LV WR FRQVLGHU WKH HDUWK VWUDWLqHG LQ D QXPEHU RI KRUL]RQWDO OD\HUV
FKDUDFWHUL]HG ZLWK DQ DSSURSULDWH WKLFNQHVV DQG DSSDUHQW VFDODU FRQGXFWLYLW\ ,Q IDFW
LQ PRVW FDVHV DQ HTXLYDOHQW WZROD\HU VRLO PRGHO RU D WKUHHOD\HU VRLO PRGHO LV HQRXJK
WR REWDLQ VDIH GHVLJQV RI JURXQGLQJ V\VWHPV $16,,(((  
) LJ   _ 6FKHPH RI WKH FXUUHQW GLVLSDWLRQ LQWR WKH HDUWK WKURXJK DQ HOHFWURGH LQ D PXOWL OD\HU VRLO
,Q D JHQHUDO FDVH LI ZH FRQVLGHU WKH HDUWK IRUPHG E\ & KRUL]RQWDO OD\HUV ZLWK D GLpHUHQW
FRQGXFWLYLW\ DQG WKH JURXQGLQJ HOHFWURGH EXULHG LQ WKH XSSHU OD\HU SUREOHP  FDQ
EH ZULWWHQ LQ WHUPV RI WKH IROORZLQJ 1HXPDQQ ([WHULRU 3UREOHP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ZKHUH ( F LV HDFK RI WKH OD\HUV RI WKH HDUWK F  &   cFb F LV WKH LQWHUIDFH EHWZHHQ
HYHU\ F b  DQG F  r F LV WKH DSSDUHQW VFDODU FRQGXFWLYLW\ RI OD\HU F  DQG 9 F LV LWV SRWHQWLDO
7DJJ  $QHLURV   qJXUH   2EYLRXVO\ LI WKH JURXQGLQJ HOHFWURGH LV EXULHG
LQ RWKHU OD\HU 9 F  9 c LQ c  WKH VWDWHPHQW RI WKH H[WHULRU SUREOHP LV DQDORJRXV WR  
,Q WH J U D O ( T X D WLR Q R I WK H ( [ WH U LR U 3 U R E OH P
$V D JHQHUDO UXOH JURXQGLQJ V\VWHPV LQ PRVW RI UHDO HOHFWULFDO VXEVWDWLRQV FRQVLVW RI
D JULG RI LQWHUFRQQHFWHG EDUH F\OLQGULFDO FRQGXFWRUV KRUL]RQWDOO\ EXULHG DQG VXSSOH
PHQWHG E\ D QXPEHU RI YHUWLFDO URGV ZKLFK UDWLR GLDPHWHUOHQJKW XVHV WR EH UHODWLYHO\
VPDOO z b   2EYLRXVO\ LW LV QRW SRVVLEOH WR REWDLQ DQDO\WLFDO VROXWLRQV DQG WKH XVH
RI ZLGHVSUHDG QXPHULFDO WHFKQLTXHV VXFK DV )’ RU )( WKDW UHTXLUHV WKH GLVFUHWL]DWLRQ
RI WKH ’ GRPDLQV ( F  LPSOLHV DQ RXW RI UDQJH FRPSXWDWLRQDO HpRUW 2WKHU QXPHULFDO
WHFKQLTXHV EDVHG RQ PHVKOHVV PHWKRGV KDYH EHHQ UHFHQWO\ SURSRVHG IRU JURXQGLQJ DQDO
\VLV &RORPLQDV HW D O   DW SUHVHQW WKHVH ZRUNV DUH EHLQJ GHYHORSLQJ DQG WKHLU
DSSOLFDWLRQ DUH VWLOO UHVWULFWHG WR WKH VROXWLRQ RI DFDGHPLF SUREOHPV DQG QXPHULFDO WHVWV
$W WKLV SRLQW VLQFH FRPSXWDWLRQ RI SRWHQWLDO LV RQO\ UHTXLUHG RQ c( DQG DQG WKH HTXLY
DOHQW UHVLVWDQFH FDQ EH REWDLQHG LQ WHUPV RI WKH OHDNDJH FXUUHQW GHQVLW\    WQ RQ
c EHLQJ Q WKH QRUPDO H[WHULRU XQLW qHOG WR c ZH WXUQ RXU DWWHQWLRQ WR D ERXQGDU\
HOHPHQW DSSURDFK ZKLFK ZLOO RQO\ UHTXLUH WKH GLVFUHWL]DWLRQ RI JURXQGLQJ VXUIDFH c
&RORPLQDV HW D O   DQG ZLOO UHGXFH WKH ’ SUREOHP WR D ’ RQH 2Q WKH RWKHU
KDQG LI RQH WDNHV LQWR DFFRXQW WKDW VXUURXQGLQJV RI WKH VXEVWDWLRQ VLWH DUH OHYHOOHG
GXULQJ LWV FRQVWUXFWLRQ _LH WKH LQWHUIDFH EHWZHHQ WKH WZR VRLO OD\HUV FDQ EH DVVXPHG
KRUL]RQWDO_ $QHLURV   V\PPHWU\ PHWKRG RI LPDJHV DOORZV WR UHZULWH  LQ
WHUPV RI D ’LULFKOHW ([WHULRU 3UREOHP &RORPLQDV HW D O  
7KH DSSOLFDWLRQ RI *UHHQ
V ,GHQWLW\ &RORPLQDV HW D O  WR WKLV ’LULFKOHW ([WHULRU
3UREOHP \LHOGV WR WKH IROORZLQJ LQWHJUDO H[SUHVVLRQV IRU SRWHQWLDO 9 F [ F  DW DQ DUELWUDU\
SRLQW [ F  ( F F  &   LQ WHUPV RI WKH OHDNDJH FXUUHQW GHQVLW\  }  LQ D SRLQW } _ZLWK
FRRUGLQDWHV >}[ }\ }] @_ RQ HOHFWURGH VXUIDFH c EXULHG LQ XSSHU OD\HU E 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ZKHUH LQWHJUDO NHUQHO N EF [ F}  LV IRUPHG E\ DQ LQqQLWH VHULHV RI WHUPV FRUUHVSRQGLQJ WR
UHVXOWDQW LPDJHV REWDLQHG ZKHQ 1HXPDQQ ([WHULRU 3UREOHPV LV WUDQVIRUPHG WR D ’LULFOHW
RQH 7DJJ   7KLV ZHDNO\ VLQJXODU NHUQHO GHSHQG RQ WKH LQYHUVH RI GLVWDQFHV IURP
SRLQW [ F WR SRLQW } _DQG WR DOO V\PPHWULF SRLQWV RI } ZLWK UHVSHFW WR WKH HDUWK VXUIDFH
c( DQG LQWHUIDFHV cFb F EHWZHHQ OD\HUV_ DQG WKH WKLFNQHVV DQG FRQGXFWLYLWLHV RI
HDFK OD\HU$QHLURV  
$OWKRXJK WKH JHQHUDWLRQ RI HOHFWULFDO LPDJHV LV D ZHOONQRZQ SURFHVV DQG LW LV FRQFHS
WXDOO\ VLPSOH LQ D JHQHUDO FDVH WKH qQDO H[SUHVVLRQ RI WKHVH LQWHJUDO NHUQHOV FDQ EH YHU\
FRPSOLFDWHG DQG LWV HYDOXDWLRQ LQ SUDFWLFH PD\ UHTXLUH D KLJK FRPSXWLQJ HpRUW ,Q WKLV
SDSHU ZH ZLOO SUHVHQW H[DPSOHV ZLWK WZROD\HU VRLO PRGHOV DQG WKH LQWHJUDO H[SUHVVLRQV
RI NHUQHOV FDQ EH IRXQG LQ $QHLURV  
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7KH LQWHJUDO H[SUHVVLRQ IRU SRWHQWLDO  DOVR KROGV RQ WKH HDUWKLQJ HOHFWURGH c ZKHUH
SRWHQWLDO LV NQRZQ E\ WKH ERXQGDU\ FRQGLWLRQ RQ WKH *URXQG 3RWHQWLDO 5LVH VLQFH 9 DQG
 DUH SURSRUWLRQDO WR *35 YDOXH WKH QRUPDOL]HG ERXQGDU\ FRQGLWLRQ 9 E       c
LV QRW UHVWULFWLYH DW DOO  7KHQ OHDNDJH FXUUHQW GHQVLW\  PXVW VDWLVI\ WKH )UHGKROP
LQWHJUDO HTXDWLRQ RI WKH qUVW NLQG GHqQHG RQ c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ZKLFK PXV KROG IRU DOO PHPEHUV Z   RI D VXLWDEOH FODVV RI WHVW IXFWLRQV GHqQHG RQ c
&RORPLQDV HW D O   ,W LV REYLRXV WKDW D %RXQGDU\ (OHPHQW DSSURDFK VHHPV WR EH
WKH ULJKW FKRLFH WR VROYH LQWHJUDO HTXDWLRQ  
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)RU D JLYHQ VHW RI 1 WULDO IXQFWLRQV I 1 L} J GHqQHG RQ c DQG IRU D JLYHQ VHW RI 0
’ ERXQGDU\ HOHPHQWV Icp J  WKH XQNQRZQ OHDNDJH FXUUHQW GHQVLW\  DQG WKH JURXQGLQJ
HOHFWURGH VXUIDFH c FDQ EH GLVFUHWL]HG LQ WKH IRUP
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2Q WKH RWKHU KDQG IRU D JLYHQ VHW RI 1 WHVW IXQFWLRQV I Z M  J GHqQHG RQ c WKH
YDULDWLRQDO VWDWHPHQW  LV UHGXFHG WR WKH V\VWHP RI OLQHDU HTXDWLRQV
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,Q UHDO SUREOHPV WKH GLVFUHWL]DWLRQ UHTXLUHG WR VROYH WKH DERYH HTXDWLRQV ZRXOG LPSO\
D ODUJH QXPEHU RI GHJUHHV RI IUHHGRP 2Q WKH RWKHU KDQG WKH FRHsFLHQW PDWUL[ LQ 
LV IXOO DQG HDFK FRQWULEXWLRQ  UHTXLUHV DQ H[WUHPHO\ KLJK QXPEHU RI HYDOXDWLRQV RI
WKH NHUQHO DQG GRXEOH LQWHJUDWLRQ RQ D ’ GRPDLQ )RU WKHVH UHDVRQV VRPH DGGLWLRQDO
VLPSOLqFDWLRQV LQ WKH %(0 DSSURDFK PXVW EH LQWURGXFHG WR UHGXFH WKH FRPSXWDWLRQDO
FRVW &RORPLQDV HW D O  
$ S S U R [ LP D WH G  ’ % R X Q G D U \ ( OH P H Q W $ S S U R D F K
7KH VSHFLqF JHRPHWU\ RI WKH JURXQGLQJ V\VWHPV LQ SUDFWLFH WKH NLQG VL]H DQG GLVSRVLWLRQ
RI WKH HOHFWURGHV DOORZV WR DVVXPH WKDW WKH OHDNDJH FXUUHQW GHQVLW\ LV FRQVWDQW DURXQG
WKH FURVV VHFWLRQ RI WKH F\OLQGULFDO HOHFWURGH $16,,(((  1DYDUULQD HW D O  
:LWK WKLV K\SRWKHVLV RI FLUFXPIHUHQWLDO XQLIRUPLW\ LW LV SRVVLEOH WR REWDLQ DSSUR[LPDWHG
H[SUHVVLRQV RI SRWHQWLDO   7KXV EHLQJ / WKH ZKROH VHW RI D[LDO OLQHV RI WKH HOHFWURGHV E}
WKH RUWKRJRQDO SURM HFWLRQ RYHU WKH D[LV RI D JLYHQ JHQHULF SRLQW }  c  E}  WKH FRQGXFWRU
GLDPHWHU 3 E}  WKH SHULPHWHU RI WKH FURVV VHFWLRQ DW }  DQG E E}  WKH DSSUR[LPDWHG OHDNDJH
FXUUHQW GHQVLW\ DW WKLV SRLQW DVVXPHG XQLIRUP DURXQG WKH FURVV VHFWLRQ  H[SUHVVLRQ 
UHVXOWV LQ
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EHLQJ {N EF [ F
E}  WKH DYHUDJH RI LQWHJUDO NHUQHO N EF [ FE}  DURXQG WKH FURVV VHFWLRQ DW E}
$QHLURV 
1RZ VLQFH WKH OHDNDJH FXUUHQW LV QRW H[DFWO\ XQLIRUP DURXQG WKH FURVV VHFWLRQ ERXQGDU\
FRQGLWLRQ 9 F       c ZLOO QRW EH VWULFWO\ VDWLVqHG DW HYHU\ SRLQW   c DQG
YDULDWLRQDO IRUP  ZLOO QRW YHULI\ DQ\PRUH +RZHYHU LI ZH UHVWULFW WKH FODVV RI WULDO
IXQFWLRQV WR WKRVH ZLWK FLUFXPIHUHQWLDO XQLIRUPLW\ L H Z    EZ E     3 E    IRU
DOO PHPEHUV EZ E  RI D VXLWDEOH FODVV RI WHVW IXQFWLRQV GHqQHG RQ /  LW PXVW KROG WKH
ZHDNHU YDULDWLRQDO IRUP
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ZKHUH {N EE E E}  LV WKH DYHUDJH RI NHUQHO N EE E E}  DURXQG FURVV VHFWLRQV DW SRLQWV E DQGE} &RORPLQDV HW D O  &RORPLQDV HW D O E 
7KH UHVROXWLRQ RI WKH DERYH YDULDWLRQDO VWDWHPHQW UHTXLUHV WKH GLVFUHWL]DWLRQ RI WKH
GRPDLQ LQ WKLV FDVH WKH D[LDO OLQHV RI WKH HOHFWURGHV &RQVHTXHQWO\ WKH ZKROH VHW RI WKH
D[LDO OLQHV DQG WKH XQNQRZQ DSSUR[LPDWHG OHDNDJH FXUUHQW GHQVLW\ E FDQ EH GLVFUHWL]HG
IRU JLYHQ VHWV RI ’ ERXQGDU\ HOHPHQWV DQG WULDO IXQFWLRQV GHqQHG RQ /  DQG ZH FDQ
REWDLQ D GLVFUHWL]HG YHUVLRQ IRU DSSUR[LPDWHG SRWHQWLDO H[SUHVVLRQ   )LQDOO\ IRU D
VXLWDEOH VHOHFWLRQ RI WHVW IXQFWLRQV GHqQHG RQ /  VWDWHPHQW  LV UHGXFHG WR D V\VWHP
RI OLQHDU HTXDWLRQV VLPLODU WR   EXW LWV FRHsFLHQWV LPSO\ LQWHJUDWLRQ RQ D ’ GRPDLQ
&RORPLQDV HW D O   7KHUHIRUH FRPSXWLQJ HpRUW RI WKLV DSSUR[LPDWHG ’ DSSURDFK
LV GUDVWLFDOO\ UHGXFHG LQ FRPSDULVRQ ZLWK WKH ’ RQH VLQFH WKH ’ GLVFUHWL]DWLRQ ZLOO EH
PXFK PRUH VLPSOH )XUWKHUPRUH DYHUDJHG NHUQHOV {N EF cc  {N EE cc DQG {N EE cc  FDQ EH
HYDOXDWHG E\ XVLQJ VXLWDEOH XQH[SHQVLYH DSSUR[LPDWLRQV GHYHORSHG E\ &RORPLQDV 
IRU WKH FRPSXWDWLRQ RI DYHUDJH NHUQHOV LQYROYHG LQ WKH JURXQGLQJ DQDO\VLV LQ XQLIRUP
VRLO PRGHOV
)LQDOO\ LW LV LPSRUWDQW WR UHPDUN WKDW FRPSXWDWLRQ RI UHPDLQLQJ OLQH LQWHJUDOV LV QRW RE
YLRXV DQG VWDQGDUG TXDGUDWXUHV FDQQRW EH XVHG GXH WR WKH LOOFRQGLWLRQLQJ RI LQWHJUDQGV
+RZHYHU LW LV SRVVLEOH WR SHUIRUP VXLWDEOH DUUDQJHPHQWV LQ WKH qQDO H[SUHVVLRQV RI WKH
PDWUL[ FRHsFLHQWV $QHLURV   VR WKDW ZH FDQ XVH WKH KLJKO\ HsFLHQW DQDO\WLFDO
LQWHJUDWLRQ WHFKQLTXHV GHULYHG E\ 1DYDUULQD HW D O  DQG &RORPLQDV HW D O  IRU
JURXQGLQJ V\VWHPV LQ XQLIRUP VRLOV
7KLV QXPHULFDO IRUPXODWLRQ KDV EHHQ LPSOHPHQWHG LQ WKH &$’ V\VWHP IRU HDUWKLQJ DQDO
\VLV ?727%(0 GHYHORSHG E\ &DVWHOHLUR HW D O  LQ UHFHQW \HDUV EHLQJ SRVVLEOH
WR FRPSXWH DFFXUDWHO\ JURXQGLQJ JULGV LQ XQLIRUP DQG OD\HUHG VRLO PRGHOV RI HOHFWULFDO
VXEVWDWLRQV RI PHGLXPELJ VL]HV ZLWK DFFHSWDEOH FRPSXWLQJ UHTXLUHPHQWV LQ PHPRU\
VWRUDJH DQG &38 WLPH &RORPLQDV HW D O   ,Q WKH FDVH RI JURXQGLQJ V\VWHPV HP
EHGGHG LQ WZR OD\HUHG VRLOV WKH FRPSXWLQJ HpRUW UHTXLUHG FDQ EH YHU\ KLJK VSHFLDOO\
ZKHQ FRQGXFWLYLWLHV RI VRLO OD\HUV DUH YHU\ GLpHUHQW ,Q FDVHV OLNH WKHVH WKH UDWH RI
FRQYHUJHQFH LQ WKH FRPSXWDWLRQ RI DYHUDJH NHUQHOV {N EF  {N EE DQG
{N EE LV YHU\ ORZ DQG LW LV
QHFHVVDU\ WR HYDOXDWH D ODUJH QXPEHU RI WHUPV RI WKH VHULHV LQ RUGHU WR REWDLQ DFFXUDWH
UHVXOWV $QHLURV  
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7KH H[DPSOH WKDW ZH SUHVHQW LV WKH DQDO\VLV RI WKH 6DQWLDJR ,, JURXQGLQJ V\VWHP FORVH
WR WKH FLW\ RI 6DQWLDJR GH &RPSRVWHOD LQ 6SDLQ  E\ XVLQJ D XQLIRUP VRLO PRGHO DQG
D WZR OD\HU RQH 7KH HDUWKLQJ V\VWHP LV VKRZQ LQ qJXUH  DQG LWV FKDUDFWHULVWLFV LV
VXPPDUL]HG LQ WDEOH , 7KH QXPHULFDO PRGHO XVHG LQ WKLV DQDO\VLV KDV EHHQ D *DOHUNLQ
IRUPXODWLRQ DQG WKH JULG KDV EHHQ GLVFUHWL]HG LQ  OLQHDU HOHPHQWV
7 D E OH ,_ 6DQWLDJR ,, 6XEVWDWLRQ &KDUDFWHULVWLFV DQG 1XPHULFDO 0RGHO
’ D WD 1 X P H U LF D O 0 R G H O
1XPEHU RI (OHFWURGHV   7\SH RI $SSURDFK  *DOHUNLQ
1XPEHU RI 9HUWLFDO 5RGV   7\SH RI ’ (OHPHQW  /LQHDU
(OHFWURGH ’LDPHWHU   PP 1XPEHU RI (OHPHQWV  
9HUWLFDO 5RG ’LDPHWHU   PP ’HJUHHV RI )UHHGRP  
,QVWDOODWLRQ ’HSWK   P
9HUWLFDO 5RG /HQJWK   P
0D[ *ULG ’LPHQVLRQV   Pd  P
*35   N9
5HVXOWV VXFK DV WKH HTXLYDOHQW UHVLVWDQFH DQG WRWDO VXUJH FXUUHQW REWDLQHG ZLWK WKH
%(0 DSSURDFK E\ XVLQJ XQLIRUP DQG WZR OD\HU VRLO PRGHOV FDQ EH IRXQG LQ WDEOH ,, DQG
SRWHQWLDO GLVWULEXWLRQV RQ HDUWK VXUIDFH LQ ERWK FDVHV LQ qJXUH  $V LW LV VKRZQ UHVXOWV
QRWLFHDEO\ YDU\ ZKHQ GLpHUHQW VRLO PRGHOV DUH XVHG VR JURXQGLQJ SDUDPHWHUV VXFK DV
HTXLYDOHQW UHVLVWDQFH WKH WRXFK VWHS DQG PHVK YROWDJHV HWF  PD\ VLJQLqFDQWO\ FKDQJH
)RU WKLV UHDVRQ LQ RUGHU WR DVVXUH WKH VDIHW\ RI WKH LQVWDOODWLRQ LW ZLOO EH HVVHQWLDO WR
SHUIRUP WKH JURXQGLQJ DQDO\VLV ZLWK WKLV %(0 DSSURDFKHV DOWKRXJK WKH FRPSXWLQJ FRVW
LQFUHDVHV LQ FDVHV ZKHUH FRQGXFWLYLW\ FKDQJHV PDUNHGO\ ZLWK GHSWK
)LQDOO\ LW LV LPSRUWDQW WR UHPDUN WKDW LQ WKH FDVH RI 6DQWLDJR ,, JURXQGLQJ V\VWHP LWV
DQDO\VLV E\ XVLQJ D WZR OD\HU VRLO PRGHO LV YHU\ FRPSOLFDWHG EHFDXVH SDUW RI WKH JULG LV
EXULHG LQ WKH XSSHU OD\HU DQG RWKHU LQ WKH ORZHU 7KHUHIRUH WKH qQDO LPSOHPHQWDWLRQ RI
WKH QXPHULFDO IRUPXODWLRQ PXVW EH SHUIRUPHG ZLWK FDUH LQ RUGHU WR WDNH LQWR DFFRXQW
WKH GLpHUHQW DUUDQJHPHQWV RI HOHFWURGHV LQ WKH VRLO
) LJ   _ 6DQWLDJR ,, 6XEVWDWLRQ 3ODQ RI WKH *URXQGLQJ *ULG 9HUWLFDO URGV LQ EODFN SRLQWV 
7 D E OH ,,_ 6DQWLDJR ,, 6XEVWDWLRQ 5HVXOWV E\ XVLQJ GLpHUHQW VRLO PRGHOV
7 Z R / D \ H U 6 R LO 0 R G H O 8 Q LIR U P 6 R LO 0 R G H O
8SSHU /D\HU 5HVLVWLYLW\   o P _
/RZHU /D\HU 5HVLVWLYLW\   o P _
+HLJKW RI 8SSHU /D\HU    P (DUWK 5HVLVWLYLW\   o P
)DXOW &XUUHQW   N$ )DXOW &XUUHQW   N$
(TXLYDOHQW 5HVLVWDQFH   o (TXLYDOHQW 5HVLVWDQFH   o
&38 7LPH $;3 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,Q WKLV SDSHU ZH KDYH SUHVHQWHG D QXPHULFDO IRUPXODWLRQ EDVHG RQ WKH %(0 IRU WKH
DQDO\VLV RI HDUWKLQJ V\VWHPV HPEHGGHG LQ OD\HUHG VRLOV 7DNLQJ LQWR DFFRXQW WKH UHDO
JHRPHWU\ RI WKHVH V\VWHPV WKH JHQHUDO ’ DSSURDFK FDQ EH UHZULWWHQ LQ WHUPV RI DQ
DSSUR[LPDWHG ’ YHUVLRQ 0RUHRYHU VLQFH VXLWDEOH DUUDQJHPHQWV FDQ EH GRQH LQ WKH
GLVFUHWL]HG H[SUHVVLRQV LW LV SRVVLEOH WR XVH WKH VDPH DQDO\WLFDO LQWHJUDWLRQ WHFKQLTXHV
GHYHORSHG E\ WKH DXWKRUV IRU JURXQGLQJ DQDO\VLV LQ XQLIRUP VRLOV )LQDOO\ WKH %(0
DSSURDFK SURSRVHG KDV EHHQ DSSOLHG WR WKH SUDFWLFDO FDVH RI D JURXQGHG V\VWHP LQ DQ
HTXLYDOHQW WZROD\HU VRLO PRGHO 7KH IHDVLELOLW\ RI WKLV PHWKRGRORJ\ KDV EHHQ GHPRQ
VWUDWHG ZLWK LWV DSSOLFDWLRQ WR D SUDFWLFDO H[DPSOH REWDLQLQJ KLJKO\ DFFXUDWH UHVXOWV LQ
WKH HDUWKLQJ DQDO\VLV RI HOHFWULFDO VXEVWDWLRQV RI PHGLXPELJ VL]HV E\ XVLQJ OD\HUHG VRLO
PRGHOV
D 
E 
) LJ   _ 6DQWLDJR ,, 6XEVWDWLRQ 3RWHQWLDO GLVWULEXWLRQ d  N9 RQ HDUWK VXUIDFH REWDLQHG E\
XVLQJ D  DQ XQLIRUP VRLO PRGHO DQG E  D WZROD\HU VRLO PRGHO
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7KLV ZRUN KDV EHHQ SDUWLDOO\ VXSSRUWHG E\ WKH ? 6 X EG LUHFFLxR Q * HQ HUD O G H 3 UR \HFWR V G H
,Q YHVWLJD FLxR Q & LHQ Wxuq FD \ 7 xHFQ LFD 6 * 3 ,& < 7  G HO 0 LQ LVWHULR G H ( G X FD FLxR Q \ & X OWX UD
 ) ’         FRqQDQFHG ZLWK )(’(5 IXQGV DQG WKH SRZHU FRPSDQ\ ?8QLxRQ )HQRVD
,QJHQLHUxuD 6$ 8),6$  DQG E\ UHVHDUFK IHOORZVKLSV RI WKH ?6HFUHWDUxuD *HQHUDO GH
,’ GH OD ;XQWD GH *DOLFLD DQG WKH ?8QLYHUVLGDG GH /D &RUXaQD 
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$QHLURV -0   8 Q D ) R UP X OD FLxR Q 1 X P xHULFD SD UD & xD OFX OR \ ’ LVHaQ R G H 7 R P D V G H
7 LHUUD G H 6 X EHVWD FLR Q HV ( OxHFWULFD V FR Q 0 RG HOR V G H 7 HUUHQ R G H ’ R V & D SD V 5HVHDUFK
5HSRUW (76,&&3 8QLYHUVLGDG GH /D &RUXaQD
$16,,((( 6WG   * X LG H IR U 6 D IHW\ LQ $ & 6 X EVWD WLR Q * UR X Q G LQ J  ,((( ,QF 
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&DVWHOHLUR 0  +HUQxDQGH] /$  &RORPLQDV , DQG 1DYDUULQD )   0 HP R ULD \ 0 D Q 
X D O G H 8 VX D ULR G HO 6 LVWHP D 7 2 7 % ( 0 SD UD & xD OFX OR \ ’ LVHaQ R $ VLVWLG R SR U 2 UG HQ D G R U
G H 7 R P D V G H 7 LHUUD G H ,Q VWD OD FLR Q HV ( OxHFWULFD V (76,&&3 8QLYHUVLGDG GH /D &RUXaQD
&RORPLQDV ,  &KDR 0  1DYDUULQD )  &DVWHOHLUR 0   $ S S OLFD WLR Q R I 0 HVK OHVV
0 HWK RG V WR WK H $ Q D O\VLV D Q G ’ HVLJQ R I * UR X Q G LQ J 6 \VWHP V ,Q ?&RPSXWDWLRQDO 0HFKDQ
LFV 1HZ 7UHQGV DQG $SSOLFDWLRQV &’520  SDUW , ?0DWKHPDWLFDO 0RGHOOLQJ DQG
1XPHULFDO 0HWKRGV  VHFWLRQ  ?0HVKOHVV 0HWKRGV  SDSHU  &,01( 3XE  %DUFHORQD
&RORPLQDV ,  1DYDUULQD ) DQG &DVWHOHLUR 0   $ % R X Q G D U\ ( OHP HQ W 1 X P HULFD O
$ S S URD FK IR U ( D UWK LQ J * ULG & R P S X WD WLR Q  &RPSXWHU 0HWKRGV LQ $SSOLHG 0HFKDQLFV
DQG (QJLQHHULQJ     1R  
&RORPLQDV ,  1DYDUULQD )  $QHLURV -  &DVWHOHLUR 0 E  8 Q D IR UP X OD FLxR Q Q X P xH
ULFD SD UD HO D Q xD OLVLV G H UHG HV G H WLHUUD G H LQ VWD OD FLR Q HV HOxHFWULFD V LQ FR USR UD Q G R P RG HOR V
G H WHUUHQ R P X OWLFD SD  ,Q ?0xHWRGRV 1XPxHULFRV HQ ,QJHQLHUxuD  &’520 &,01( 3XE 
%DUFHORQD
’XUDQG (   x( OHFWUR VWD WLTX H  0DVVRQ (G  3DULV
*DUUHW ’/ DQG 3UXLWW -*   3 UR EOHP V ( Q FR X Q WHUHG Z LWK WK H $ 3 0 R I $ Q D O\]LQ J
6 X EVWD WLR Q * UR X Q G LQ J 6 \VWHP V ,((( 7UDQVDFWLRQV RQ 3RZHU $SSDUDWXV DQG 6\VWHPV
    1R  ^
+HSSH 5-   & R P S X WD WLR Q R I SR WHQ WLD O D W VX UID FH D ER YH D Q HQ HUJL]HG JULG R U R WK HU
HOHFWURG H D OOR Z LQ J IR U Q R Q X Q LIR UP FX UUHQ W G LVWULEX WLR Q  ,((( 7UDQVDFWLRQV RQ 3RZHU
$SSDUDWXV DQG 6\VWHPV    1R  ^
1DYDUULQD )  &RORPLQDV , DQG &DVWHOHLUR 0   $ Q D O\WLFD O ,Q WHJUD WLR Q 7 HFK Q LTX HV
IR U ( D UWK LQ J * ULG & R P S X WD WLR Q E\ % ( 0  (Q ?1XPHULFDO 0HWKRGV LQ (QJLQHHULQJ DQG
$SSOLHG 6FLHQFHV  ^ &,01( 3XE  %DUFHORQD
6YHUDN -* HW D O    6 D IH 6 X EVWD WLR Q V * UR X Q G LQ J  ,((( 7UDQVDFWLRQV RQ
3RZHU $SSDUDWXV DQG 6\VWHPV     ^ SDUW       ^ SDUW  
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